Abstract-An extended transmission-line model is presented for an inset-fed rectangular microstrip patch antenna. The transmission-line model agrees to the cos 4 impedance variation for inset-fed microstrip antennas with an addition of a corrective extended feed length upto the inner radiating edge. Verification of the model's complex reflection coefficient is concluded with good agreements with measured results. Further extension of the transmission-line model with for or more thin shorting post connected to multiple varactor diodes have been conducted. Fourty two test cases across five independent antenna designs have been worked upon. Results obtained using the transmission-line model are compared with those obtained with a 3D full-wave solver and measurements. In 69% of the test cases, the transmission-line models have less than 3% deviation to the measured or simulated results. 41% of them have less than 1% deviation. For the first two antennas, both simulated and measured results were compared with the transmission-line model. For the rest of three, results from the transmission-line model were compared to the simulated ones.
INTRODUCTION
Rectangular microstrip antennas have been around for over half a century and numerous experimental and theoritical studies have been conducted. The transmission-line model of the rectangular microstrip patch antenna [1] [2] [3] [4] [5] was discussed in many occasions, and the variation of input impedance was primarily investigated with respect to the location of the feed probe [3] [4] [5] . Analysis of the inset-feed is not very proclaimed in the literature. Some of the empirical works done in the recent past are focused on the cos 4 reduction of input impedance [6, 8] instead of the traditional cos 2 reduction mentioned in the early literatures [3] [4] [5] . Another formulation for designs with the inset very close to the centre is based on the shifted cos 2 was recently presented [6, 7] . This work implements the cos 4 reduction formula with a new corrective inset-feed length extension.
Shorted microstrip patch antennas have been analysed in various forms. The earliest form of patch reduction was done by shorting the microstrip patch antenna size along the H-plane [9] . Further improvements about size reduction can be achieved by the help of multiple shorting posts instead of using one long and continuous metal strip across the H-plane [10] [11] [12] . Transmission-line modelling of rectangular microstrip patch antenna with shorting posts along the line of magnetic symmetry to demonstrate the change of antenna resonance frequency have also been discussed [13, 14] . The aforesaid model only considered posts placed in the centre of the width of the patch but at any position along the length (E-plane). Similar tuning with circular patch antennas are also possible [15, 16] . Accurate results can also be obtained for shorted microstrip antennas using cavity model and this was presented for circular patch antennas [17, 18] . Rectangular microstrip antennas can be designed to have their non-radiating edges shorted to ground to significantly reduce cross polarized radiation and was recently analyzed using the cavity model [19] . Compact designs and larger impedance can also be achieved using a secondary coupled patch with shorting posts implemented in both the primary and secondary patches [20] . Models of rectangular microstrip antennas with shorting posts placed at various positions of the outer radiating edge to tune the antenna was recently communicated [21, 22] . A design with shorted circular patch over a ring resonator for multiband operation was also recently communicated [23] . Transmission line modelling for rectangular patch antenna with superstrates are also possible and was recently communicated [24] .
Use of variable capacitors or varactor diodes for polarization agility was mentioned as early as 1981 [13, 25] and was extended for arrays later [26] [27] [28] . The next improvement happened with the use of a BAR28 Schottky barrier diode operating in reverse bias to reconfigure the resonance frequency [29] . Further modelling and investigations were also discussed with respect to probe fed microstrip patch antennas and arrays loaded with varactor diodes (Schottky barrier diodes) [30] [31] [32] . A detailed model and explanation of a varactor loaded patch antenna can again be found in [33] . A cavity model of varactor loaded circular microstrip antenna can be found in [34] . Improvement of scan performance of microstrip patch array antennas are also possible by using shorting posts and diodes [35] and possibility of using diodes to replace the shorting posts were discussed in the past. Multiple diodes were also mentioned in the past for polarization agility [27, 28] and also for dual frequency operations [31] . Modern polarization agile microstrip antennas use only a SPDT switch with a hybrid coupler to limit design complications and efficient operation [36] . polarization agility is In most of the previously mentioned papers, the diode is modelled inside a hole similar to a via or shorting post, and may have been difficult to solder. With present day packaging of RF diodes (e.g., SC-79 package), they would be impossible to solder inside a hole to replace a shorting post, as mentioned in the literature. Resistor loading was investigated as a replacement of shorting posts and varactor diodes and it was found that resistor loading benefits the return-loss bandwidth up to an extent [37, 38] .
While most of the publications have focused on the benefits of using a diode for various kinds of reconfigurability, this paper focusses on the accuracy of inset-feed transmission-line modelling of the rectangular microstrip antenna and its extension with one or more diodes. Multiple diodes were used to emulate a diode with higher junction capacitance to test the transmission-line model rigorously. Most previous publications (to the best of the authors' knowledge) have discussed the probe fed models only with return-loss diagrams of calculated and measured results [13, 32, 33] but in this paper the authors implemented and verified an empirically model of inset-feed, which is rarely discussed, with complex impedance results plotted on a Smith chart. The transmission-line model of a rectangular microstrip patch antenna [1] [2] [3] [4] [5] is modified to archetype the effect of the one or more varactor diodes and vias. Fourty two test cases are used to obtain the highly accurate and less accurate results across five different reconfigurable rectangular microstrip antennas.
MICROSTRIP PATCH TRANSMISSION-LINE MODEL AND INSET-FEED
The transmission-line model for a rectangular microstrip antenna has been extensively discussed in the literature [1] [2] [3] [4] [5] . Two slots, each having a complex admittance, are placed at a distance of about λ eff /2 [5] . For a standard rectangular patch antenna, each of the complex slot admittance is denoted by G + jB where G is the slot conductance and B is the slot susceptance, respectively. The formulas for the slot conductance and susceptance are given in [5] .
The input admittance of the conventional rectangular microstrip patch antenna can be given expressed as [2] :
where k is the effective wave number. L P is the length of the patch, and Y p is its respective characteristic admittance. Inset feeding is a popular feeding technique which is often used to lower the edge impedance and helps in keeping the width of the microstrip line feed realistic and manufacturable. Conventionally the inset probe feed is modelled with a admittance incremental factor defined by sec 2 ( [3] [4] [5] and some publications have proposed the same for microstrip line inset-feeds as well. This theory has been contradicted in the recent past [6] [7] [8] and a new admittance factor of sec 4 ( π L P L in ) has been proven to be more accurate for microstrip line inset-feeds where the feed end is closer to the inner edge of the microstrip patch. In the empirical models published lately [6] [7] [8] , the aspect ratio of the patch (W P /L P ) is considered to be 1.5 and inset-gap to inset-feed width ratio (W in /W T ) is 3. In the base designs mentioned in this paper the aspect ratio is 1.21 & 1.36, and the inset-gap to inset-feed width ratio is 3.73 & 4. The overall antenna admittance used for multiple antenna designs are derived in Section 4 along with the extended transmission-line model.
ANTENNA CONFIGURATIONS
Five separate antenna designs are discussed below in different subsections. All the five antennas are based on two major base designs of rectangular microstrip patch antennas. Two different substrates and different resonance frequencies are used for the design of the base antennas. The base antennas are modelled and manufactured first and compared with calculated results to verify the accuracy of the inset-fed microstrip patch transmission-line model. Five extended reconfigurable antennas are then designed and verified with transmission-line results. All of them follow the same design layout shown in Fig. 1(a) with the exception of last one, which is given in Fig. 1(b) . Actual dimensions, diode configurations and the substrate used for the design of antennas are given below.
Base Antenna Designs
A low-permittivity substrate, Rogers 5880 ( r = 2.2, tan δ = 0.0009) with a thickness of 0.787 mm was used to design and manufacture the first fundamental microstrip patch antenna. This design will be known as 'Base Design I' for the rest of the paper. The length and width of the substrate are L S1 = 120 and W S1 = 100 mm, respectively. The length and width of the patch are L P 1 = 58 mm and W P 1 = 70 mm, respectively. Matching has been achieved with a quarter wave transformer, which is directly connected to the 50 Ω feed-line. The length and width of the transformer are are L T 1 = 31 mm and W T 1 = 1.1 mm, respectively. The length and width of the feed-line are L 50Ω1 = 17.5 mm and W 50Ω1 = 2.25 mm, respectively. The cut-out of the inset has the dimensions are L In1 = 10 mm and W In1 = 4.1 mm, respectively. The aspect ratio of the patch (W P 1 /L P 1 ) is 1.21 and the inset-feed width ratio (W in1 /W T 1 ) is 3.73.
A Taconic TRF-43 substrate ( r = 4.3, tan δ = 0.0035), having a thickness of 1.2 mm was for the second fundamental microstrip patch antenna, 'Base Design II'. Similar to 'Base Design I', the design is shown in Fig. 1 
Varactor Loaded Antenna Designs
Reconfigurability is implemented in the 'Base Design I' with the help of an actively operated via located close to one of the outer vertex opposite to the feed in the patch element. Figs. 1(c) , (i) show the photograph of 'Antenna I'. The via is connected between the patch and a small island in the ground plane (Figs. 1(c), (ii) ). An annular gap separates the island from the greater ground plane. One or few varactor diodes are connected across this gap and they act as a load on the radiating slot of the patch antenna. In 'Antenna I' only one varactor diode is used. The outer and inner diameter of gap surrounding the island are are D I = 4 mm and D I = 3 mm. The via is formed by a 18AWG wire with a diameter (D Via ) of 1 mm. The diode(s) make an impedance bridge across the terminals of the SMA port and only a DC offset with correct polarity is required across the SMA port to control the state of the varactor diode(s), which can be either forward or reverse biased. This design methodology completely eliminates the requirement of any printed bias lines or dangling bias wires that can affect the resonance frequency and gain. Instead, only a bias-tee is required for tuning.
'Base Design II' is modified with an actively operated via, similar to 'Antenna I' to form 'Antenna II'. It also has only one varactor diode bridging the annular gap between the island and the greater ground plane. Figs. 1(c), (iii) show the photograph of 'Antenna II'. 'Antenna I' with two varactor diodes bridging the annular gap forms 'Antenna III'. This is done to effectively double the junction capacitance at the same point of operation. Every thing else in the design remains the same. 'Antenna II' with two varactor diodes bridging the annular gap forms 'Antenna IV'. Similar to the previous design, nothing else is modified. 'Antenna V' has same design values from 'Antenna II' but has two vias connected to two local islands and the two vias are located at the two outer vertices of the patch. Fig. 1(b) shows the top and bottom view of 'Antenna V'. Similar to 'Antenna IV', each island has two varactor diodes bridging the annular gap, with a total of four varactor diodes used for this antenna. Due to the magnetic symmetry of the rectangular patch [22] , the effective value of the via and diodes would double up. This is further explained in the next section. Tuning is achieve with the same bias-voltages and polarities as used for the previous designs.
EXTENDED TRANSMISSION-LINE MODEL

When a thin via (D V ia
W P ) is soldered at the outer vertex of the rectangular patch, it can be approximated that the admittances of both the slots have the same values as before, with the susceptance of the via, −j/ωL sh , added in parallel to the complex admittance of the outer slot [21] . With an island created and a varactor diode soldered to bridge the island and the greater ground plane as shown in Fig. 1 , the transmission-line model can be extended as shown in Fig. 2(a) . Depending on diode polarity, the transmission-line model changes to represent the state of the varactor diode. A forward-bias diode conductance G V arD or a reverse-bias junction susceptance ωC V arD along with the package lead susceptance −j/ωL V arD is added in series with the via susceptance. Then the patch input admittance for the extended transmission-line model is given by:
where
in the forward-biased mode, and
in the reversed biased mode, k is the effective wave number and Y p is the characteristic admittance of the patch. Notice that in the forward-biased mode, junction susceptance ωC V arD is ignored. Likewise diode conductance G V arD is ignored for reverse-biased mode.
Antenna Admittance
The overall antenna admittance depends on the length of the inset, quarter wave transformer and the 50 Ω feed-line, respectively. Admittance for an inset-fed patch is given by [6, 8] :
where L in is the inset-feed length, and Y inp is the edge admittance of the patch as given in Eq. (1) or Eq. (2) depending on the absence or presence of the thin shorting post and additional diodes. Another admittance transformation takes place with the quarter-wave transformer and the admittance of the patch at the input of the quarter-wave transformer is given by:
where L T is the length of the quarter-wave transformer, and Y T is the characteristic admittance of the transformer.
In the process of this research it was empirically found out after comparison with measurement results that the complex impedance obtained from the extended transmission-line model match up with the measurements and simulations when a corrective feed length to the inner radiating edge is considered. The corrective feed length from the feed point to the inner radiating edge is equal to the length of the inset (L In ) with a linear co-efficient of 1.25, thus making the total feed length equal to The overall admittance at the SMA port is given by:
where Y 50Ω is approximately 0.02S, and L 50Ω is the length of the feed-line (till the measurement plane of the SMA Port) as shown in Fig. 1 .
Admittance with Two Diodes
More than one varactor diodes can be connected across the annular gap to connect one via to the ground plane. The extended transmission-line model with two varactor diodes connected to one via is shown in Fig. 2(b) . The patch input admittance for the extended transmission-line model given in Eq. (2a) remain the same with the value of Ψ, given in Eq. (2b) and Eq. (2c), modified as:
in the reverse-biased mode. All other parameters remain the same as mentioned before.
Admittance with Two Vias and Multiple Diodes
The microstrip patch antenna has a magnetic symmetry across the centre of the radiating slots [22] and when two thin vias (D Via W P ) are connected near two outer vertices, the extended transmission-line model (considering that two diodes are connected to each via) shown in Figs. 2(a) and 2(b) , is further extended and shown in Fig. 2(c) . The value of Ψ given in Eq. (2b) and Eq. (2c) can be re-written as:
IMPLEMENTATION AND RESULTS
Primarily, the inset-fed transmission-line model was coded into Matlab using Eqs. 
Base Antenna Designs
The analytically obtained complex impedance (normalized to 50 Ω) for 'Base Design I', obtained through the general inset-fed transmission-line model (GETLM) is compared to the measured impedance ( using an Agilent PNA-X vector network analyser) in Fig. 3(a) . The transmission-line model results along with the measurement results for the outer vertex shorted patch antenna is shown in Fig. 3(b) . Both the results are in good agreement to each other. The fundamental resonance frequency of the antenna is 1723 MHz and the resonance frequency of the vertex shorted antenna is 1797 MHz.
Complex impedance normalized to 50 Ω, for 'Base Design II', obtained through the model along with its measured counterpart is shown in Fig. 3(c) . Comparison of the vertex shorted patch antenna results is shown in Fig. 3(d) . Similar to the previous one, the agreement is quite good. The fundamental resonance frequency of the antenna is 2320 MHz and the resonance frequency of the vertex shorted antenna is 2410 MHz. These four results verified the accuracy of the inset-feed transmission line model described in Section 3, and it can be extensively used for the reconfigurable antennas. The GETLM is successful for different substrates and resonance frequencies for both conventional and vertex shorted rectangular microstrip antennas.
Antenna I
Complex impedance for 'Antenna I' is shown in Fig. 4(a) and Fig. 4(b) for the reverse bias voltages of 2 V and 9 V, respectively. The analytically obtained input reflection coefficient magnitude |S 11 | obtained using the ETLM discussed earlier is shown in Fig. 5(a) . Fig. 5(b) shows the measured |S 11 | obtained from an Agilent PNA-X vector network analyser. The ELTM results are in good agreement with the measured results and a comparison is tabulated in Table 1 . Deviations for all the bias conditions is given as a percentage in Table 1 . The maximum deviation for the ELTM with respect to simulations is 0.40% and is 0.53% when compared to measurements. Tuning is achieved between 1650 MHz to 1708 MHz with the varactor diode biased into reversedmode and reverse voltage swept between 2 V to 9 V. The antenna also resonates at a frequency of 1766 MHz when the varactor diode is forward biased. Fig. 5(d) shows the measured normalized farfield patterns for the reverse-bias voltages of 2 V and 5 V and a forward-bias voltage of 1 V, at the corresponding resonance frequencies of 1650 MHz, 1700 MHz and 1765 MHz, respectively. Peak realized gain is 5.86 dBi, 6.82 dBi and 5.83 dBi at these frequencies, respectively. The pattern is consistent across the entire tuning range but the gain varies slightly due to variation in active device losses.
The variation of realized gain is shown in Fig. 5(c) , under different bias conditions. The efficiency of the antenna is low for low reverse-bias voltages but increases with the increase of the tuning voltage. The reason behind this phenomenon is that the intrinsic capacitance of the varactor diode decreases with increasing voltage resulting a very low susceptance and thus it is less prone to allow lossy currents at a given frequency of operation. Additionally, even though the patch is being tuned to operate at a lower frequency, the length of the patch is not ideal to produce maximum radiation and hence the radiation efficiency starts to deteriorate. In forward-biased operation, the loss is due to the forward-bias diode resistance. In the forward bias mode, 'Antenna I' has a total efficiency of 63%. In the 9 V reverse bias, the efficiency is 88% and it is 73% when the reverse bias is 2 V.
Antenna II
Complex impedance results in the Smith chart are shown in Fig. 4(c) and Fig. 4(d) for the reverse bias voltages of 3 V and 8 V, respectively. Results obtained through ELTM are in good agreement with the measured results and are shown in Fig. 6(a) . Fig. 6(b) shows the measured results under different bias conditions. It is interesting to note here that the measured results show few more reverse-bias voltage plots that have a resonance frequency higher than the base frequency of the antenna (2280 MHz), similar to the forward-biased case. This is because of the large junction capacitance of the varactor diode, which behaves more like a bypass capacitor creating an AC short. The ELTM does not perform effectively at this stage and the deviation is more than 3% in some of the test cases. Table 2 compares the ETLM results to simulations and measurements. Two out of nine test cases have a deviation more than 3%. antenna, thus reducing the effective radiating area of the patch. In this case the resonance frequency is 2372 MHz. When the varactor diode is forward biased, the surface current distribution is similar to having a bypass capacitor, as shown in Figs. 6(d), (v) . The resonance frequency with a forward bias is 2347 MHz. Finally the surface current density with a strip-short (a copper strip soldered in place of the diode as shown in Fig. 1(c) ) is shown in Figs. 6(d), (vi) . The resonance frequency with a strip-short is 2345 MHz.
This prototype was particularly chosen to demonstrate the bypass effect of the varactor diode and the disability of the transmission-line model in those test cases. This bypassing effect led to tunable resonance frequencies both above and below the base resonance frequency of the patch antenna (i.e., 2280 MHz). This effect cannot be seen in 'Antenna I' as it operates in a lower frequency range. Frequency reconfigurability is achieved between 2060 MHz to 2223 MHz and again from 2370 MHz to 2398 MHz with the varactor diode biased into reversed-mode and reverse voltage swept between 0 V to 8 V, for the manufactured prototype. The antenna also resonates at a frequency of 2350 MHz when the varactor diode is forward biased. The variation of realized gain is shown in Fig. 5(c) , under different bias conditions. The forward bias efficiency is 69% and the reverse bias efficiencies are 56% and 74% at 3 V and 8 V, respectively.
Antenna III
Complex impedance results in the Smith chart are shown in Fig. 7(a) and Fig. 7(b) for the forward bias at 1 V and reverse bias at 9 V, respectively. Table 3 compares the resonance frequencies obtained with the ETLM to the simulation results. In eight out of nine test cases, the transmission-line model has a very good agreement with the simulated complex impedance, with less than 3% deviation with respect to simulations. Four out of nine test cases have less than 1% deviation. Table 3 compares the resonance frequencies obtained with the ETLM to the simulation results. Predicted return loss results are presented in Fig. 8(a) to provide an insight about the tuning range and gain roll-off effects when two varactor diodes are used to connect the via to the greater ground plane. This results in a phenomenon similar to 'Antenna II' where the cumulative capacitance is large enough to create an AC short. The antenna can be tuned between 1530 MHz to 1680 MHz and again from 1823 MHz to 1880 MHz with reverse-bias and to 1780 MHz with forward-bias. The gain roll-off for the antenna across the tuning range is shown in Fig. 8(b) . The forward bias efficiency is 67% and the reverse bias efficiencies are 58% and 81% at 2 V and 9 V, respectively. 
Antenna IV
Complex impedance results are shown in Fig. 7(c) and Fig. 7 (d) for 1 V forward bias and 9 V reverse bias, respectively. Table 4 shows the comparison between ETLM and simulations for multiple test cases. Only five out of nine test cases have deviations less than 3%. Only one test case has a deviation less than 1%. But the complex impedance for ETLM with less that 3% deviation are in good agreement to simulations, when plotted on a Smith chart. This antenna can be tuned between 1800 MHz to 2115 MHz and again from 2380 MHz to 2418 MHz with reverse-bias and to 2362 MHz with forward-bias. Fig. 8(c) shows the return loss predicted by CST Microwave Studio and Design Studio 2015, under different bias conditions. The gain roll-off for the antenna across the tuning range is shown in Fig. 8(d) . The forward bias efficiency is 65% and the reverse bias efficiencies are 33% and 73% at 2 V and 9 V, respectively. Table 5 compares the ETLM results with CST simulations. None of the test cases have a deviation less than 1%. Only two of the test cases have deviations less than 3% when compared to simulations, but their complex impedance are in fair agreement to simulations when plotted on a Smith chart. Fig. 9 (a) and Fig. 9(b) show the comparison for reverse-bias at 6 V and 9 V, respectively. Fig. 9 (c) shows the tunable range for the antenna under various reverse-bias conditions, as obtained from simulations. The antenna can be tuned between 1328 MHz (with no bias) voltage to 2037 MHz (with 9 V reverse-bias). The gain roll-off shown in Fig. 9(d) is quite significant. The realized peak gain varies between −6 dBi at (0 V bias) to 5.1 dBi (with 9 V reverse-bias), respectively. The reverse bias efficiencies are 8% and 74% at 0 V and 9 V, respectively. 
Antenna V
CONCLUSION
A few extended transmission-line models are presented for inset-fed rectangular microstrip patch antennas loaded with one or more varactor diodes. More than one type of substrate and layouts were used to validate the models rigorously. The transmission-line models agrees with the cos 4 impedance variation for inset-fed microstrip antennas with an addition of a corrective feed length to the inner radiating edge. Verification of the model was concluded with its complex reflection coefficient in good agreements to the measured results. Further extension of the transmission-line models with varactors were concluded with 69% of forty two (42) test cases having less than 3% deviation from measured or simulated results. Further studies are ongoing to find an explanation about the rest of 31% test cases where the transmission-line models were not as successful. Quick design solutions are possible with the extended transmission-line model to achieve reasonable accuracy without using the time-consuming full wave solvers.
